We present here a topo-geometrical description of a subdivided nD object called homological spanning forest representation. This representation is a convenient tool in order to completely control not only geometrical, but also advanced topological information of a given object. By codifying the underlying algebraic topological machinery in terms of coordinate-based graphs, we progress in the task to "combinatorialize" homological information at two levels: local and global. Therefore, our method presents several advantages with respect to the existing Algebraic topological models, and techniques based in Discrete Morse Theory. A construction algorithm has been implemented, and some examples are shown.
Introduction
One way to guarantee a consistent description of an object is to base such description on topological principles. A topological representation of an object defines a finite topological space made up of regions, arcs, and points which encode a particular partitioning. Several structures have been proposed to encode such a partitioning, including cellular complexes [1,2], combinatorial maps [3], graphs [4], etc.
We deal here with the problem of finding an efficient and robust geometrical and topological representation of a subdivided nD object given in terms of a cell complex and exploiting the notion of homology or, more precisely, using chain homotopy equivalences connecting the object with its homology groups (see [5] for more details).
In principle, homology is a purely algebraic notion related to the degree of connectivity at the level of formal sum of cells (connected components, holes or tunnels, cavities,...) and most of the models based on these ideas are algebraictopological models (AT-model [6], AM-model [7],....). Nevertheless, it is possible to "combinatorialize" these models (eliminate its algebraic part) by using a graph representation of the algebraic operators (boundary operator, coboundary operator,...) and simplify its connectivity information by using hierarchical treelike structures. Forman [8, 9] used this idea in order to develop Discrete Morse Theory (DMT, for short), which has become a powerful tool in its applications to computational topology, computer graphics, image processing and geometric modeling.
With the philosophy of representing the object in terms of a finite number of topologically inessential "threads" as a goal, we translate DMT to a suitable algebraic homological setting, that of integral-chain complexes. We can progress in this way in the task to "combinatorialize" homological information at two level: local (DMT) and global (in terms of coordinated-based hierarchical forests based on chain homotopies [10]). The algebraic nature of the global approach can be combinatorialized if we place these chain homotopies and critical cells (homology generators) in a graph-based ambiance. Based on that, we develop here a non-unique combinatorial topo-geometric representation of a nD subdivided object, called homological spanning forest (or HSF, for short). We design and implement an algorithm for computing this model for a nD object embedded in R n and we do some experiments in the three dimensional case.
Preliminaries
In this section, we first establish a notion of (combinatorial) cell complex in a finite-dimensional Euclidean space with the cell boundary information described in algebraic terms.
A cell complex K = {K i } i=0 embedded in E is a finite collection of cells {σ (r)i=1,...n i ∈ K r } of different dimensions 0 ≥ r ≥ such that (see [11] for a formal definition of cell):
The set K r consists of all the r-cells of K, for 0 ≤ r ≤ . It is possible that
The p-skeleton K (p) for K is the set of all k-cells with 0 ≤ k ≤ p. The dimension of the cell complex is the smallest non-negative natural number r such that the condition K (r) = K (r+1) is satisfied. If all the cells of K are convex sets of E , then K is called convex cell complex. Simplicial, Cubical and some polyhedral complexes are special cases of convex cell complexes.
Roughly speaking, the idea of homology is to analyze the degree of connectivity of cell complexes using formal sums of cells. A differential operator for a cell complex K with coefficients in Λ is a linear map d : Λ[K] → Λ [K] , such that the image of a p-cell σ is a linear combination of some (p − 1)-cells of the boundary ∂(σ) and d • d = 0. Taking into account that our cell complex K is embedded in E , its geometric realization |K| is a regular triangulable cell complex and there can be always defined a differential operator ∂, called boundary operator, with coefficients in the field Λ.
